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 A B S T R A C T

Querying the nearest distance from a point to 𝑛 line segments in 2D is a textbook problem in computational 
geometry. This paper presents P2Seg, a novel algorithmic strategy that transforms the intricate problem into an 
accessible linear traversal. Our method precomputes a KD tree and a Voronoi diagram for the site collection 
𝑆, where 𝑆 refers to the endpoints of all line segments. Obviously, for a query point 𝑞, the nearest site 𝑠𝑖
provides a crucial clue for pinpointing the nearest line segment, i.e., the pairing (𝑞, 𝑠𝑖) effectively reduces the 
search from 𝑛 line segments to a limited number, represented as 𝐿(𝑞, 𝑠𝑖). The key idea of this paper is driven 
by an insightful observation: if the ray 𝑠𝑖𝑞 intersects with 𝑠𝑖’s Voronoi cell at a point, say 𝑞′, then 𝐿(𝑞, 𝑠𝑖) is 
a subset of 𝐿(𝑞′, 𝑠𝑖). This suggests that preprocessing efforts can be substantially minimized by focusing solely 
on scenarios where the query point lies on the Voronoi edges, which are fundamentally one-dimensional. We 
further prove that the challenge of locating the nearest line segment from 𝐿(𝑞′, 𝑠𝑖) can be distilled down to a 
simple linear traversal. Testing on datasets of varying complexities shows that P2Seg significantly outperforms 
state-of-the-art techniques. For example, in scenarios involving 10K segments with an average length of 0.5, 
our method runs 2.2 times faster than P2M and 60 times faster than AABB, as illustrated in the teaser figure.
1. Introduction

Given a collection of line segments 𝐿 in a two-dimensional plane, 
querying the nearest distance from a user-specified point to 𝐿 is a fun-
damental research problem in computational geometry. This problem 
finds widespread applications across various domains, such as geo-
graphic information systems [3], computer vision [4,5], and geometry 
processing [2].

Traditional methods like the KD tree (KDT) [5] and bounding vol-
ume hierarchy (BVH) [6] are effective for small-scale datasets without 
complicated intersections between line segments but struggle with 
increasing data sizes and complexities, such as significant overlap and 
intersections. These challenges can make them as inefficient as brute-
force searching, highlighting the need for more efficient algorithms for 
rapid distance queries.

This paper introduces P2Seg, a novel algorithmic solution that 
streamlines this complex issue into an accessible linear traversal. Sup-
pose that there are 𝑛 line segments, it is evident that point-based 
proximity searches are simpler than point-to-segment queries. Hence, 
we precompute a KD tree and a Voronoi diagram of 𝑆 to expedite the 
query process, where 𝑆 includes the endpoints of line segments. For 

∗ Corresponding author.

any query point 𝑞, the KD tree can quickly locate 𝑞’s nearest site in 𝑆. 
The identified site, 𝑠𝑖, suggests that 𝑞 resides within the Voronoi cell 
of 𝑠𝑖, offering valuable clues for identifying the nearest line segment. 
Simply speaking, the pair (𝑞, 𝑠𝑖) is more informative than a single 𝑞, 
and thus effectively reduces the search scope from 𝑛 line segments to a 
more manageable subset, denoted as 𝐿(𝑞, 𝑠𝑖).

A pivotal insight of this pa-
per is the observation that if the 
ray 𝑠𝑖𝑞 intersects 𝑠𝑖’s Voronoi 
cell at a specific point, say 𝑞′, 
then 𝐿(𝑞, 𝑠𝑖) falls within 𝐿(𝑞′, 𝑠𝑖). 
This indicates that preprocess-
ing efforts can be substantially 
minimized by concentrating on 
scenarios where the query point 
is positioned on the Voronoi edges, inherently one-dimensional. As 
depicted in the inset figure, the circle centered at 𝑞 suggests that 
line segments intersecting this circle could offer a distance closer than 
‖𝑞𝑠𝑖‖. Notably, the circle lies entirely within the circle centered at 𝑞′, 
indicating that 𝐿(𝑞, 𝑠𝑖) ⊂ 𝐿(𝑞′, 𝑠𝑖). See Section 3.2 for details.
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Fig. 1. This paper focuses on rapidly querying the nearest distance from a point to a collection of line segments in 2D. On the left, from bottom to top, are the 
line segments, the Voronoi diagram of the endpoints, and the candidate line segments associated with the query point. On the right, the timing plot (μs) shows 
that our algorithm significantly outperforms both AABB [1] and P2M [2] by several times, where we randomly generate 10K line segments in [0, 1] × [0, 1]. It is 
important to note that the horizontal axis represents the average line-segment length and the vertical axis is on a log10 scale.
Furthermore, we analyze how 𝑞′ traverses the Voronoi edge, which 
reveals three potential situations: (1) a candidate line segment con-
sistently remains within 𝐿(𝑞′, 𝑠𝑖), (2) it is part of 𝐿(𝑞′, 𝑠𝑖) temporarily 
before exiting, and (3) it cycles through entering, exiting, and then 
re-entering 𝐿(𝑞′, 𝑠𝑖). This fascinating finding simplifies the challenge of 
identifying the nearest line segment from 𝐿(𝑞′, 𝑠𝑖) to a straightforward 
linear traversal. See Section 3.4. As shown in Fig.  1, on the dataset with 
10K line segments, our query efficiency advantage becomes increas-
ingly evident as the average length of the segments increases, reaching 
2.2 times that of P2M and 60 times that of AABB.

In summary, our contributions are threefold:

1. We introduce a novel algorithmic strategy for dealing with 
the point-to-segments query. It achieves more than twice the 
performance of the latest distance query methods.

2. Our preprocessing is inspired by the observation that it is ad-
equate to consider the query point positioned on the Voronoi 
edges—defined by 𝑆, the endpoints of the line segments.

3. We prove that a line segment 𝑙 within 𝐿(𝑞′, 𝑠𝑖) can undergo one 
of three scenarios as 𝑞′ moves along the corresponding Voronoi 
edge. This insight significantly simplifies the point-to-segments 
query to an easily manageable linear traversal.

2. Related work

Two topics relevant to the theme of this paper are the nearest 
proximity search and the Voronoi Diagram.

2.1. Nearest proximity search

Precomputation and query stages. Given a collection of primitives in a 
𝑘-dimensional space, nearest proximity search algorithms aim to find 
the primitive (such as points, line segments, or triangles) closest to 
a given input point. These searches can be efficiently performed by 
organizing the primitives within a tree structure [7,8], significantly 
narrowing the search space during the query phase. Nearest proximity 
search algorithms primarily consist of two stages: constructing the tree 
and conducting queries using this structure. The trees used to organize 
primitives are categorized into two types based on their partitioning 
methods: space partitioning trees and bounding volume hierarchies. 
Each approach facilitates efficient nearest proximity searches through 
distinct strategies for space partitioning and primitive arrangement.
Space partitioning trees. In geometry, spatial partitioning is the process 
of dividing the entire space (commonly Euclidean) into two or more 
disjoint subsets. In practical use, spatial partitioning systems are typi-
cally hierarchical, dividing the space into two or more sections at each 
level through planar partitions. This process is recursively applied to 
every newly created region, organizing them into a tree-like structure 
known as a spatial partitioning tree.
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During the query phase, the algorithm conducts a downward search, 
determined by the query point’s position relative to the splitting hyper-
plane. It consults the tree’s stored data to identify primitives potentially 
offering closer proximity, thus updating the nearest distance identified 
so far. Most tree-based search structures feature a backtracking mech-
anism to avoid overlooking any primitives that could provide a closer 
distance during the query.

The KD tree (KDT) is recognized as a classic Binary Search Tree 
(BST) acclaimed for its effectiveness in nearest-neighbor searches, 
boasting logarithmic time complexity and linear space efficiency. Its 
computational advantages have made it a preferred tool for enhancing 
various graphics algorithms and applications, including data visual-
ization [5], distance queries [4,9], particle tracing [10], isosurface 
rendering [11,12], and ray tracing [13].

Additionally, numerous other space-partitioning data structures are 
viable for nearest proximity searches, such as the R-tree [14–17], ball-
tree [18], A-tree [19], BD-tree [20], and SR-tree [21]. These structures 
typically employ partitioning strategies similar to those of KDTs, taking 
into account data distribution, preprocessing efficiency, and query 
performance. Owing to their effectiveness in balancing these consid-
erations, KDTs have emerged as the most classic and broadly utilized 
BST in the field.
Bounding volume hierarchy. Similar to the BST, a Bounding Volume 
Hierarchy (BVH) [6] is a hierarchical structure designed to manage a 
collection of geometric primitives. In a BVH, leaf nodes encapsulate 
geometric primitives, while non-leaf nodes contain bounding volumes 
that encompass subsets of these primitives. The construction of a BVH 
can adopt various approaches, including top-down, bottom-up, or incre-
mental insertion methods, ultimately creating a tree structure topped 
with a bounding volume. BVHs are extensively applied in fields such as 
distance queries [22], ray tracing [23], and collision detection [24,25].

Regarding BVHs, choosing the appropriate type of bounding volume 
is critical, as it necessitates a compromise between simplicity and 
accuracy. Simple bounding volumes like Axis-Aligned Bounding Boxes 
(AABB) [26,27] and bounding spheres [28–30] offer quick intersection 
tests but may not snugly fit the geometric primitives. In contrast, more 
complex bounding volumes like Oriented Bounding Boxes (OBB) [31], 
k-DOPs (Discrete Oriented Polytopes) [32], zonotopes [33], and oth-
ers [34–37] aim for a tighter fit. This selection hinges on the specific 
requirements of the application and the desired balance between ease of 
computation and the precision of fit. Moreover, the choice of bounding 
volume is influenced by the nature of the primitives involved. For 
instance, spherical bounding volumes might not provide a tight fit for 
line segments as primitives, potentially diminishing the effectiveness of 
the acceleration in the query process.

2.2. Voronoi diagram

The Voronoi diagram serves as a spatial partitioning technique by 
assigning points in space to their nearest primitives based on distance. 
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Fig. 2. During the processing phase, it is practical to consider the query point as situated on the Voronoi edges, with the Voronoi diagram constructed from the 
endpoints of the line segments. (a) a set of line segments 𝐿. (b) the Voronoi diagram of the endpoints. (c) a query point 𝑞 located in 𝑠2’s Voronoi cell, identified 
using the KDT. 𝑞’s search circle, illustrated in purple, denotes that line segments crossing this circle are potential candidates for providing the actual closest 
distance. (d) Extending 𝑞 to 𝑞′ — where the ray 𝑠2𝑞 intersects 𝑠2’s cell — defines a larger search circle that fully encompasses 𝑞’s search circle. This suggests that 
the candidate set of line segments for 𝑞′ includes a broader selection of line segments than that for 𝑞.
Compared to KDT, Voronoi diagrams provide a more accurate depic-
tion of the proximity between query points and various primitives. 
However, the construction and querying of Voronoi diagrams are chal-
lenging, especially when dealing with generators that are not simple 
points.

In [2], the approach explores the use of Voronoi diagram for triangle 
primitives, albeit simplifying it to the more conventional point-based 
Voronoi diagram to facilitate querying the distance between a point 
and a polygonal surface. During the query phase, the algorithm first 
determines the closest mesh vertex to the query point, then consults 
the vertex’s interception table to identify candidate triangles that may 
offer the closest distance. In addition to processing triangle meshes, the 
work they referenced is also capable of efficiently managing nearest-
distance queries from a point to a collection of line segments. Despite 
its utility, the preprocessing involved in this method is complex and 
demands considerable time.

3. Our method

3.1. Problem definition

In a two-dimensional space, the task of finding the nearest distance 
from a given point 𝑞 to a set of line segments 𝐿 = {𝑙𝑖}𝑛𝑖=1 can be defined 
as

𝑑min(𝑞, 𝐿) = min
𝑙𝑖∈𝐿

𝑑(𝑞, 𝑙𝑖).

Assuming without loss of generality that the 𝑛 line segments collectively 
have 2𝑛 endpoints, constituting a set of sites 𝑆 = {𝑠𝑖 ∣ 1 ≤ 𝑖 ≤ 2𝑛}.

3.2. Insight

Let 𝑠𝑖 be the nearest site for the query point 𝑞, with their distance 
being ‖𝑠𝑖𝑞‖. As depicted in Fig.  2(c), we introduce a circle Circ(𝑞)
centered at point 𝑞 and with a radius equal to ‖𝑠 𝑞‖. In the following, 
𝑖
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we name it a search circle. It is clear that no sites lie within the 
interior of Circ(𝑞). If there exists a line segment 𝑙𝑖 such that 𝑑(𝑞, 𝑙𝑖) ≤
𝑑(𝑞, 𝑠𝑖), then the segment 𝑙𝑖 must intersect the search circle Circ(𝑞). 
Consequently, we use 𝐿𝑞 to denote the line segments that intersect the 
search circle Circ(𝑞).

The primary challenge in the point-to-segments distance query prob-
lem is that 𝑞 can be any point in 2D space, presenting infinitely many 
possibilities. However, since finding the nearest site 𝑠𝑖 can be efficiently 
performed using the KDT, it is suitable to start with such a rapid search 
during the query stage. Obviously, the pair (𝑞, 𝑠𝑖) offers significantly 
more clues than the solitary point 𝑞. In light of this, a straightforward 
preprocessing might proceed as follows: for each site, 𝑠𝑖, enumerate all 
possible line segments for which there exists a query point 𝑞 such that 
𝑞’s search circle intersects the line segment and 𝑠𝑖 is identified as the 
nearest site to 𝑞. It can reduce the search space to some extent but may 
still be inefficient because there may still exist too many relevant line 
segments.

Extending 𝑠𝑖𝑞 to 𝑠𝑖’s cell boundary. We further narrow the search space 
motivated by a noteworthy observation. By extending 𝑞 to 𝑞′ along 
the ray 𝑠𝑖𝑞, we encounter an intersection point at the boundary of 𝑠𝑖’s 
Voronoi cell, with 𝑞′ situated on a Voronoi edge of 𝑠𝑖’s cell. Given that 
𝑠𝑖, 𝑞, 𝑞′ are colinear, 𝑞′ induces a larger search circle than 𝑞, Circ(𝑞′)
completely encloses Circ(𝑞), i.e., Circ(𝑞) ⊂ Circ(𝑞′). This indicates that 
the candidate set of line segments for 𝑞′ includes a broader selection of 
line segments than that for 𝑞. Therefore, during the preprocessing stage, 
it is adequate to consider 𝑞 as located on Voronoi edges, fundamentally 
simplifying the search space to one-dimensional.
Variation in search circle along voronoi edge. As depicted in Fig.  3, there 
exists a Voronoi edge 𝑒𝑖 = 𝑣𝑠𝑣𝑡 within the Voronoi diagram. Both 𝑣𝑠 and 
𝑣𝑡 define a search circle, as illustrated by the two dotted blue circles. 
Given that 𝑣𝑠 and 𝑣𝑡 are Voronoi vertices, their respective search circles 
pass through at least three sites but do not contain any sites within their 
interiors.
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Fig. 3. 𝑣𝑠 and 𝑣𝑡 each define a search circle. A point 𝑞′ positioned on the 
segment 𝑣𝑠𝑣𝑡 defines its own search circle. We have Circ(𝑞′) ⊂ Circ(𝑣𝑠)∪Circ(𝑣𝑡).

It is known that the segment 𝑣𝑠𝑣𝑡 is the bisector of two sites. In 
Fig.  3, 𝑣𝑠𝑣𝑡 is the common boundary of 𝑠1’s cell and 𝑠2’s cell. It can be 
concluded that both Circ(𝑣𝑠) and Circ(𝑣𝑡) pass through both 𝑠1 and 𝑠2. 
Therefore, 𝑠1 and 𝑠2 are the intersections between Circ(𝑣𝑠) and Circ(𝑣𝑡).

Let 𝑞′ be situated on 𝑣𝑠𝑣𝑡. 𝑞′’s nearest site is both 𝑠1 and 𝑠2, with 
‖𝑞′𝑠1‖ = ‖𝑞′𝑠2‖. Therefore, the search circle of 𝑞′, i.e., Circ(𝑞′), must 
pass through both 𝑠1 and 𝑠2, without any sites in the interior of Circ(𝑞′). 
To this end, 𝑠1 and 𝑠2 are a pair of common points for Circ(𝑣𝑠), Circ(𝑣𝑡)
and Circ(𝑞′).

The search circle Circ(𝑞′) is split into two parts by 𝑠1 and 𝑠2. The 
left part is totally inside Circ(𝑣𝑠) while the right part is totally inside 
Circ(𝑣𝑡). Therefore, it is easy to conclude that Circ(𝑣𝑡) must be contained 
by the union of Circ(𝑣𝑠) and Circ(𝑣𝑡): 

Theorem 3.1.  For any point 𝑞′ on the Voronoi edge 𝑒𝑖 = 𝑣𝑠𝑣𝑡, Circ(𝑞′) ⊂
Circ(𝑣𝑠) ∪ Circ(𝑣𝑡).

It suggests that preprocessing should begin by identifying the can-
didate line segments for each Voronoi vertex, followed by addressing 
the scenario where the query point is located on a Voronoi edge.

3.3. Pipeline

As illustrated in Fig.  4, the algorithm is comprised of two main 
stages: the preprocessing stage and the query stage.

ALGORITHM 1: Preprocessing
Input: A collection of line segments 𝐿, whose endpoints 

constitute 𝑆.
Construct the Voronoi diagram  of 𝑆;
for each Voronoi vertex 𝑣𝑖 ∈  do

Identify all segments 𝑙𝑖 satisfying 𝑑(𝑣𝑖, 𝑙) ≤ min{𝑑(𝑣𝑖, 𝑠𝑖)};
Store them in 𝐿𝑣𝑖 ;

end 
for each Voronoi edge 𝑒 = 𝑣𝑠𝑣𝑡 ∈  do

Call ArrangeAngleInterval(𝑒𝑖);
end 
Construct the KDT of 𝑆;

As shown as Alg. 1, the preprocessing stage is further broken 
down into four steps. Initially, with the given input line segments, we 
construct a Voronoi Diagram using the endpoints of these segments. 
Subsequently, for each Voronoi vertex 𝑣𝑖, we determine the line seg-
ments that intersect 𝑣𝑖’s search circle, which is centered at 𝑣𝑖 and passes 
through the nearest three sites. These candidate line segments are then 
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stored in 𝐿𝑣𝑖 . Next, for each Voronoi edge 𝑒𝑖 = 𝑣𝑠𝑣𝑡, we identify critical 
cases where a line segment either emerges as a candidate or is no longer 
considered one. And for each Voronoi edge 𝑒𝑖 = 𝑣𝑠𝑣𝑡, we simulate the 
movement of the query point from 𝑣𝑠 to 𝑣𝑡, analyzing the variation 
in the set of candidate line segments. This analysis yields three sorted 
angle interval arrays. The three angular intervals can be subdivided into 
eight distinct cases, which will be discussed in detail in the following 
section. Finally, we built a KDT of 𝑆.

During the query stage, the nearest site to the query point 𝑞 is first 
identified using the KDT. After that, by extending 𝑞 in the direction of 
𝑠𝑖𝑞, we find an intersection 𝑞′ with the boundary of 𝑠𝑖’s cell. Finally, we 
linearly traverse the candidate line segments based on the radial angle 
of 𝑠𝑖𝑞′ to find the line segment offering the closest distance.

3.4. Critical points

Formulation. Consider the situation as Fig.  5 shows. Suppose 𝑝 is a 
point located on the Voronoi edge 𝑣𝑠𝑣𝑡, the common boundary of 𝑠1’s 
cell and 𝑠2’s cell.

Let the two endpoints of the line segment 𝑙 be 𝑠𝑖 and 𝑠𝑗 . We denote 
𝑣 = 𝑣𝑡 − 𝑣𝑠, 𝑢 = 𝑣𝑠 − 𝑠2, 𝑚⃗ = 𝑠𝑖 − 𝑣𝑠 and 𝑠 = 𝑠𝑗 − 𝑠𝑖.

Based on the above discussion, 𝑙 is deemed to undergo a critical 
situation if it is becoming a candidate or ceasing to be. Substituting 
𝑝 = 𝑣𝑠 + 𝜆𝑣 into the above formula, we obtain
𝑑(𝑠2, 𝑣𝑠 + 𝜆𝑣) = 𝑑(𝑙, 𝑣𝑠 + 𝜆𝑣).

Note that it is not impossible that one of the endpoints of 𝑙 gives the 
closer distance due to the assumption that 𝑠2 is the nearest site to 𝑞. 
Hence,

𝑑(𝑠2, 𝑣𝑠 + 𝜆𝑣) = ‖𝑛‖, 𝑑(𝑙, 𝑣𝑠 + 𝜆𝑣) =
|(𝑣𝑠 + 𝜆𝑣 − 𝑠𝑖) × 𝑠|

‖𝑠‖
,

where 𝑛 = 𝑣𝑠 + 𝜆𝑣 − 𝑠2, and 𝑤⃗ = 𝑣𝑠 + 𝜆𝑣 − 𝑠𝑖. We further have

‖𝑛‖ =
|𝑤⃗ × 𝑠|
‖𝑠‖

,

or

‖𝑛‖2‖𝑠‖2 = |𝑤⃗ × 𝑠|2,

with 𝜆 serving as the variable. The above equation has the following 
form: 
𝑓 (𝜆) = 𝐴𝜆2 + 𝐵𝜆 + 𝐶 = 0, (1)

where
𝐴 = ‖𝑠‖2‖𝑣‖2 − |𝑣 × 𝑠|2,

𝐵 = 2‖𝑠‖2(𝑢 ⋅ 𝑣) − 2|𝑣 × 𝑠||𝑚⃗ × 𝑠|,

𝐶 = ‖𝑠‖2‖𝑢‖2 − |𝑚⃗ × 𝑠|2.

Classification of critical points. We now discuss the solutions to the 
quadratic equation, noting that the line segment 𝑙 we consider must 
be within 𝐿𝑣𝑠 ∪𝐿𝑣𝑡 . The equation may have 0, 1, or 2 roots, depending 
on the sign of 𝛥 = 𝐵2 − 4𝐴𝐶. Obviously, a valid solution must satisfy 
0 ≤ 𝜆 ≤ 1. And the most complicated situation occurs when the 
equation has two valid roots. In this situation, 𝑙 must be with in 𝐿𝑣𝑠
and 𝐿𝑣𝑡  simultaneously. When 𝑝 moves from 𝑣𝑠 to 𝑣𝑡, 𝑙 cycles through 
entering Circ(𝑝), exiting from Circ(𝑝), and then re-entering Circ(𝑝).

To be more detailed, there are eight different situations, as illus-
trated in Fig.  6.

1. If 𝑙 ∈ 𝐿𝑣𝑠 ∩ 𝐿𝑣𝑡  and 𝛥 ≤ 0 or 𝛥 > 0 and none of the two roots 
satisfies 0 ≤ 𝜆 ≤ 1, it can be observed that like Fig.  6(a,b,c), for 
any point 𝑝 on 𝑣𝑠𝑣𝑡, we have 𝑑(𝑝, 𝑠2) ≤ 𝑑(𝑝, 𝑙). 𝑙 remains within 
the candidate line-segment set 𝐿𝑝 for any 𝑝 ∈ 𝑣𝑠𝑣𝑡.

2. If 𝑙 ∈ 𝐿𝑣𝑠∩𝐿𝑣𝑡  and 𝛥 > 0 and both roots satisfy 0 ≤ 𝜆1 ≤ 𝜆2 ≤ 1, as 
illustrated in Fig.  6(d). In this situation, both 𝐿𝑣𝑠  and 𝐿𝑣𝑡  contain 
the line segment 𝑙, and when 𝑝 moves from 𝑣𝑠 to 𝑣𝑡, 𝑙 enters 
Circ(𝑝), exits from Circ(𝑝), and then re-enters Circ(𝑝).
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Fig. 4. Preprocessing (a–d) and query (e–f) phases of our approach are outlined as follows. (a) The input line segments. (b) Construction of the Voronoi diagram 
of the endpoints of the line segments. (c) Computation of critical points on the Voronoi edge 𝑣𝑠𝑣𝑡, as shown in the diagram. This step aims to identify critical 
cases where a line segment either becomes a candidate or ceases to be one. (d) By allowing the query point to move from 𝑣𝑠 to 𝑣𝑡, we examine the change of 
the set of candidate line segments, resulting in three sorted angle interval arrays. (e) Extend 𝑞 along the direction of 𝑠𝑖𝑞, yielding an intersection 𝑞′ with the 
boundary of 𝑠′𝑖𝑠 cell. (f) Retrieve the candidate line segments according to the radial angle of 𝑠𝑖𝑞′.
Fig. 5. 𝑝 is said to be a critical point with regard to the line segment 𝑙 if and 
only if Circ(𝑝) is tangent to 𝑙.

3. If 𝑙 ∈ 𝐿𝑣𝑠∖𝐿𝑣𝑡  or 𝑙 ∈ 𝐿𝑣𝑡∖𝐿𝑣𝑠  and 𝛥 ≥ 0 and only one root satisfies 
0 ≤ 𝜆 ≤ 1, as shown in Fig.  6(e,f,g,h). In this case, only one of 
𝐿𝑣𝑠  and 𝐿𝑣𝑡  can contain 𝑙, and thus when 𝑝 moves from 𝑣𝑠 to 𝑣𝑡, 
𝑙 remains within 𝐿𝑝 for a while and then exits, or enters Circ(𝑝)
until 𝑝 arrives at 𝑣𝑡.

3.5. Search structure on Voronoi edge

Based on the eight situations in Fig.  6, for each line segment 𝑙 ∈
𝐿𝑣𝑠∪𝐿𝑣𝑡 , whether 𝑙 is within 𝐿𝑞 has three possibilities: (1) 𝑙 consistently 
remains within 𝐿𝑞 , (2) it is part of 𝐿𝑞 temporarily before exiting, or 
enters 𝐿𝑞 until 𝑞 arrives at 𝑣𝑡, and (3) 𝑙 cycles through entering, exiting, 
and then re-entering 𝐿𝑞 . For type #1, the points 𝑝 ∈ 𝑣𝑠𝑣𝑡 enabling 
𝐿𝑞 to contain 𝑙 are identical to 𝑣𝑠𝑣𝑡. For type #2, the points 𝑝 ∈ 𝑣𝑠𝑣𝑡
enabling 𝐿𝑞 to contain 𝑙 must span a continuous part of 𝑣𝑠𝑣𝑡, with one 
of the endpoints aligning with 𝑣𝑠 or 𝑣𝑡. For type #3, the points 𝑝 ∈ 𝑣𝑠𝑣𝑡
enabling 𝐿𝑞 to contain 𝑙 must span two intervals, each of which aligning 
with 𝑣𝑠 or 𝑣𝑡. In implementation, we categorize the intervals into two 
types, depending on aligning with one or two of 𝑣𝑠 and 𝑣𝑡.

Therefore, it suffices to maintain three sorted arrays for linear 
traversal queries. We detail the strategy as follows. As Fig.  7(a) shows, 
for any point 𝑝 on the Voronoi edge, the position of 𝑝 is represented 
by the radial angle of 𝑠 𝑝, with the angle of 𝑠 𝑣  being set to 0. Based 
𝑖 𝑖 𝑠

5 
on the above analysis, we store the radial angle intervals for 𝑣𝑠𝑣𝑡, and 
each line segment may contribute to one or two angle intervals.

In Fig.  7(b), all angle intervals associated with 𝑣𝑠𝑣𝑡 can be arranged 
in three sorted arrays, IntervalList𝑠, IntervalList𝑡, and IntervalList𝑠𝑡. It 
is noteworthy that all intervals align with at least one of 𝑣𝑠 or 𝑣𝑡. The 
three arrays are respectively used to store (1) intervals aligning with 
𝑣𝑠 but not with 𝑣𝑡, (2) intervals aligning with 𝑣𝑡 but not with 𝑣𝑠, and 
(3) intervals aligning with both 𝑣𝑠 and 𝑣𝑡. During the query phase, 
the ray 𝑠𝑖𝑞 can be extended to determine the intersecting Voronoi 
edge. Subsequently, the radial angle of 𝑠𝑖𝑞 is calculated, and all angle 
intervals encompassing the query angle are retrieved, identifying the 
candidate line segments. See Fig.  7(c). We use Alg. 2 to depict the 
pseudo-code.

Query stage. In the query phase, the initial step involves using the KDT 
to identify the nearest site 𝑠𝑖 to the query point 𝑞. Extending 𝑞 along the 
ray 𝑠𝑖𝑞 allows us to locate an intersection point 𝑞′ at the boundary of 𝑠𝑖’s 
Voronoi cell. Subsequently, we identify the Voronoi edge intersected 
by the ray 𝑠𝑖𝑞 and compute the radial angle 𝛼 of 𝑠𝑖𝑞′ relative to the 
direction of 𝑠𝑖𝑣𝑠.

Define 𝐿𝑞 as an initially empty set of line segments. First, each 
line segment that contributes to IntervalList𝑠𝑡 is considered a potential 
candidate for this query and is added to 𝐿𝑞 . Next, we proceed to 
search IntervalList𝑠 (in descending order) from the beginning until 
the intervals no longer encompass 𝛼, adding all useful candidates to 
𝐿𝑞 . Similarly, we search IntervalList𝑡 (in ascending order) from the 
start until the intervals no longer include 𝛼, incorporating these useful 
candidates into 𝐿𝑞 . The final step involves examining the candidates 
in 𝐿𝑞 , one by one, to determine which line segment offers the actual 
closest distance.

3.6. Special case

As Fig.  8 shows, we suppose that 𝑞 is the query point and 𝑞′ is a 
sufficiently distant point along the direction of 𝑠𝑖𝑞. It holds true that 
𝑞′ has a larger set of line-segment candidates than 𝑞. Since the ray 𝑠𝑖𝑞
extends towards infinity, 𝑠𝑖 dominates an open Voronoi cell and thus is 
a vertex of the convex hull of 𝑆 (the endpoints of the line segments). 
It can be further deduced that 𝑞 must be located in the shadow area, 
bounded by the two rays parallel to the neighboring open Voronoi 
edges, respectively. To this end, we draw a straight line at 𝑠𝑖 such that 
the line is orthogonal to 𝑠 𝑞. Since the convex hull and 𝑞 are lying on 
𝑖
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Fig. 6. Segment 𝑣𝑠𝑣𝑡 denotes a Voronoi diagram edge, 𝑠2 represents a site, and the orange straight line 𝑙 is the given input line. Every point on the orange curve 
is equidistant from the site 𝑠2 and the line 𝑙. During the process that the query point 𝑝 moves from 𝑣𝑠 to 𝑣𝑡, there are eight situations when considering whether 
the line segment is within the candidate set: (1) a candidate line segment consistently intersects Circ(𝑝), (2) it intersects Circ(𝑝) initially and then exits, or enters 
Circ(𝑝) at 𝑝 ∈ 𝑣𝑠𝑣𝑡 until 𝑝 arrives at 𝑣𝑡, and (3) it cycles through entering, exiting, and then re-entering Circ(𝑝). They can be further divided into 8 cases.
Fig. 7. It suffices to maintain three sorted arrays for linear traversal query. (a) For any point 𝑝 on the Voronoi edge, the position of 𝑝 is represented by the radial 
angle of 𝑠𝑖𝑝, with the angle of 𝑠𝑖𝑣𝑠 being set to 0. (b) For all candidate line segments associated with 𝑣𝑠 and 𝑣𝑡, we create angle intervals, with each candidate 
line segment contributing to one or two intervals. A crucial preprocessing step involves organizing these angle intervals into three sorted arrays. It is noteworthy 
that all intervals align with at least one of 𝑣𝑠 or 𝑣𝑡. (c) In the query stage, one can extend the ray 𝑠𝑖𝑞 to identify which Voronoi edge is intersected and then 
compute the radial angle of 𝑠𝑖𝑞, followed by retrieving all the angle intervals that contain the query angle, yielding the candidate line segments.
Fig. 8. If 𝑠𝑖𝑞 extends towards infinity, then it can be concluded that 𝑠𝑖 provides 
the actual closest distance, i.e., it is impossible to obtain a distance less than 
‖𝑠𝑖𝑞‖ between 𝑞 and any other point in the line segments.

different sides of the straight line, we conclude that 𝑠𝑖 is exactly the 
point that provides the actual closest distance.

4. Evaluation

We conducted all the experiments with an AMD Ryzen 9 7900X 
12-core CPU and 64 GB of memory. Our implementation was fully 
developed in C++.
6 
4.1. State-of-the-art methods

Subsequently, we compared our algorithm using various metrics 
against P2M [2] and AABB Tree [1]. AABB Tree is an implementation 
of Bounding Volume Hierarchy (BVH) featuring axis-aligned bounding 
boxes that are straightforward to construct and query. This structure 
is commonly used for point-to-line segment queries. During the query 
phase, it identifies which nodes’ bounds encompass the query point 
and decides whether to continue searching their child nodes. Upon 
reaching a leaf node, it examines whether the contained line segments 
can provide a closer distance. P2M is a novel query acceleration data 
structure that constructs an interception table that encodes the proxy 
relationships between points and other primitives in the preprocessing 
stage. In the query stage, it first identifies the closest point to the query 
point using a KDT and then consults the interception table for that point 
to determine if any primitive can offer a closer distance.

4.2. Dataset

To validate the effectiveness of our method, we randomly generated 
test segments within the two-dimensional space [0, 1] × [0, 1]. Different 
datasets were created by controlling the number of line segments and 
their lengths. In Fig.  9 top row, we depict data generation scenarios 
for a fixed proportion of line segment lengths relative to 1∕10, while 
varying the numbers of line segments. In the bottom row of Fig.  9, 
we illustrate the variation in the dataset with 10K line segments, 
depicting a gradual increase in the average length of the segments 
from left to right. In the subsequent experiments, unless otherwise 
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Fig. 9. Partial display of the dataset. The top row shows the situation within an equally sized region is shown for random generation of 1K, 5K, 10K, 50K, and 
100K line segments while ensuring that the line segment length is approximately equal to 1∕10. The bottom row shows the scenario within an equally sized 
region is presented for the random generation of line segments with lengths of 1∕2, 1∕10, 1∕20, 1∕30, and 1∕40 while restricting the line segment number to 10K.
ALGORITHM 2: ArrangeAngleInterval
Input: Voronoi edge 𝑒𝑖 = 𝑣𝑠𝑣𝑡
Initialize the angle interval list IntervalList𝑠 as empty, to store 
intervals aligning with 𝑣𝑠 but not with 𝑣𝑡;
Initialize the angle interval list IntervalList𝑡 as empty, to store 
intervals aligning with 𝑣𝑡 but not with 𝑣𝑠;
Initialize the angle interval list IntervalList𝑠𝑡 as empty, to store 
intervals aligning with both 𝑣𝑠 and 𝑣𝑡;
for each 𝑙 ∈ 𝐿𝑣𝑠∖𝐿𝑣𝑡  do

Solve Eq. (1) to find the only root 𝜆 ∈ [0, 1];
Compute the angle 𝛼 of 𝑣0 + 𝜆𝑣;
Push (𝛼, 𝑙) into IntervalList𝑠;

end 
for each 𝑙 ∈ 𝐿𝑣𝑡∖𝐿𝑣𝑠  do

Solve Eq. (1) to find the only root 𝜆 ∈ [0, 1];
Compute the angle 𝛼 of 𝑣0 + 𝜆𝑣;
Push (𝛼, 𝑙) into IntervalList𝑡;

end 
for each 𝑙 ∈ 𝐿𝑣𝑠 ∩ 𝐿𝑣𝑡  do

Solve Eq. (1) to find roots 𝜆𝑖 ∈ [0, 1];
if the number of valid roots is less than or equal to 1 then

push ([], 𝑙) into IntervalList𝑠𝑡;
else

Compute the angle 𝛼1 of 𝑣0 + min𝑖=1,2{𝜆𝑖}𝑣;
Push (𝛼1, 𝑙) into IntervalList𝑠;
Compute the angle 𝛼2 of 𝑣0 + max𝑖=1,2{𝜆𝑖}𝑣;
Push (𝛼2, 𝑙) into IntervalList𝑡;

end
end 
Sort IntervalList𝑠 in descending order;
Sort IntervalList𝑡 in ascending order;

specified, we randomly generated 20 groups of data, each with different 
combinations of line segment numbers and lengths. The reported results 
represent the average timing costs of these 20 groups of data.

4.3. Number of critical points

Reflecting on the preprocessing stage, we calculated critical points 
to represent intervals for each Voronoi edge. To account for the varying 
7 
Fig. 10. Different Voronoi edges have varying numbers of proxy line segments 
associated with them. Here, we illustrate the distribution of Voronoi edges 
acting as proxies for different quantities of line segments. The horizontal axis 
represents the number of line segments represented by a single edge, and the 
vertical axis shows the count of Voronoi edges that serve as proxies for that 
specific number of line segments.

number of critical points for different Voronoi edges, we used input 
data consisting of 100K randomly generated line segments (with no 
specific length constraints).

As illustrated in Fig.  10, on the horizontal axis, we represent the 
number of critical points on each edge, while the vertical axis shows 
the count of Voronoi edges. It is evident that the distribution of critical 
points on Voronoi edges is relatively uniform. In this example, the 
majority of Voronoi edges have critical point counts ranging from 0 
to 300, with an average count of approximately 72.19.

4.4. Preprocessing cost

Cost breakdown. The overall preprocessing cost consists of four compo-
nents: (1) Voronoi diagram generation, (2) computation of which line 
segments each Voronoi vertex represents, (3) Calculate critical points 
for each Voronoi edge and organization into the query structure, (4) 
Calculate the KDT of the line segment endpoint set 𝑆. To evaluate the 
efficiency of each component of our algorithm, we designated the 2D 
region [0, 1]× [0, 1] and produced random line segment data within this 
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Fig. 11. The horizontal axis of each sub-table represents the line-segments length, with values ranging from 1∕40, 1∕38, 1∕36,… , 1∕4, 1∕2. The top row presents 
a performance comparison of our method and other methods in terms of preprocessing, with the vertical axis measured in milliseconds ( ms). The bottom row 
displays a comparison of the average time taken for a single query between our method and other methods, with units in microseconds (μs). All time data has 
been log10-transformed for analysis.
Table 1
Our method’s breakdown of preprocess stage and query stage. The query stage data is multiplied by 103.
 No. of segments Preprocess (ms) Query (μs)
 Cal Voronoi Cal interception Cal critical Cal KDT KDT search Locating VorEdge Search candidates 
 1K 12.34 27.81 9.16 0.34 2.53 0.39 6.93  
 5K 63.88 154.27 73.58 2.04 8.75 1.11 233.23  
 10K 140.16 349.96 206.24 4.34 1.28 0.21 332.62  
 50K 822.37 2407.93 8271.41 26.36 126.53 0.66 1568.58  
 100K 1815.09 5876.54 28509.67 53.12 301.55 0.65 2177.42  
Table 2
Comparison with existing methods. This table presents the average time required for preprocessing and querying by our method, P2M, AABB Tree, and brute-force 
(Force) under various numbers and average lengths of line segments. As the number of segments and the average length of segments increase, the preprocessing 
efficiency of our method significantly surpasses that of P2M, and the advantage in query efficiency becomes increasingly prominent.
 Segments length 1/2 1/10 1/20 1/30 1/40

 Method Our AABB P2M Force Our AABB P2M Force Our AABB P2M Force Our AABB P2M Force Our AABB P2M Force  
 
Preprocess
(ms)

1K 66.2870 0.27800 68.9580 \ 54.4720 0.48900 40.5120 \ 48.1650 0.72900 48.7590 \ 45.9930 0.82600 43.2720 \ 40.0830 0.91100 413540 \   5K 326.358 1.65900 618.173 \ 175.279 4.73600 240.701 \ 151.980 5.85700 175.143 \ 14.4147 6.09300 155.124 \ 139.641 6.47000 147.647 \   10K 699.435 2.01700 1600.61 \ 328.985 10.2400 574.889 \ 289.316 9.62100 407.773 \ 26.8132 9.92400 361.330 \ 270.534 10.4810 340.867 \   50K 7489.56 7.80900 32265.5 \ 2496.79 21.4670 4884.65 \ 1511.76 22.5320 2979.11 \ 1291.30 18.6120 2311.41 \ 1240.40 17.9130 2098.68 \   100K 21763.8 12.7510 214934 \ 12770.3 49.6150 17183.9 \ 5699.66 50.2430 12744.3 \ 3695.64 40.2000 11607.9 \ 3022.46 33.2210 10391.9 \  
 
Query
(μs)

1K 0.5 7.8 0.7 11.2 0.4 1.1 0.4 11.2 0.4 0.8 0.4 10.6 0.4 0.7 0.4 10.1 0.4 0.7 0.4 9.9   5K 1.1 40.5 2.0 61.8 0.8 3.9 0.9 63.8 0.9 2.6 0.9 60.1 0.8 2.1 0.9 58.4 0.8 2.0 0.8 57.6   10K 1.4 86.4 3.1 124.1 1.0 7.0 1.2 126.9 0.9 3.5 1.0 121.7 0.8 2.8 0.9 118.8 0.8 2.5 0.9 117.8   50K 2.7 462.5 9.5 622.1 1.5 28.4 2.5 637.1 1.3 10.5 1.9 610.2 1.3 7.0 1.7 602.5 1.2 5.9 1.6 598.1   100K 4.2 1032.8 20.9 1243.2 2.0 59.5 4.2 1270.4 1.7 20.6 2.9 1219.4 1.6 12.9 2.4 1199.4 1.5 10.1 2.1 1193.5 
 
 
 
 

 
 
 
 

 
 
 
 

 
 

 

 
 
 
 
 
 
 

 
 

 
 
 

 
 
 
 
 
 
 
 

space (without imposing specific length constraints) to serve as our
test dataset. Table  1 illustrates the construction durations for different
numbers of line segments in randomly generated data. Specifically, the
time costs for the four steps with 10K line segments are as follows
140.16  ms, 349.96  ms, 206.24  ms, 4.34  ms.
Comparison with existing methods. In comparison to the AABB Tree, our
algorithm requires more preprocessing time but is more efficient in
constructing the Voronoi diagram when dealing with complex data. For
instance, the AABB Tree takes approximately 10.240  ms to complete
construction, and P2M requires approximately 574.889  ms. In com-
parison, our method takes 328.985  ms to process data consisting of
10K line segments (with an average length within one-tenth of the data
generation range). By controlling the quantity and length of randomly
generated test line segments, we provide a comparison of preprocessing
times for the AABB Tree, P2M, and our method in Table  2.

And in the top row of Fig.  11, we display a more detailed compari-
son of the preprocessing efficiency of our method, P2M, and AABB Tree
on datasets with different numbers of line segments under the variation
of segment lengths.

4.5. Query performance

Cost breakdown. The query phase of our algorithm involves three
operations: (1) finding the nearest endpoint 𝑠  through KDT search, (2)
𝑖  
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determining which Voronoi edge 𝑒𝑖 the extended line passes through
based on the angle relative to the site point, and (3) identifying the
nearest segment by accessing the query structure of 𝑒𝑖. As shown in
Table  1, the average timing costs for these three parts are 1.28 μs,
0.21 μs, and 332.62 μs, respectively. Notably, we also tested the runtime
costs for each part of the query phase under varying numbers of line
segments. It can be observed that the majority of the time is spent on
examining the information represented by critical points.
Comparison with existing method. To investigate the differences in query
performance between our method, P2M, and AABB Tree, we conducted
tests comparing their performance under various data scenarios involv-
ing different numbers of line segments and segment lengths. In order
to demonstrate the efficiency of the algorithms, we also provided the
time required for a brute-force query for the same dataset with the same
query points. The comparative analysis is presented in Table  2.

First, let us examine the query efficiency as it varies with the
number of line segments. It is evident that, regardless of the segment
length, our query efficiency consistently outperforms other methods.
Furthermore, as the number of line segments increases, our query
efficiency advantage becomes increasingly pronounced. For example,
when limiting the line segment length to 1∕10 and using 1K line
segments, our query efficiency is on par with that of P2M and is
approximately 2.75 times faster than that of the AABB Tree. When
the number of line segments increases to 100K, our query efficiency
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Table 3
Comparison of preprocessing time and query time between our method and other methods when the 
input line segments are long or the line segment lengths are unevenly distributed.
 Preprocess (ms) Query(μs)

 Our AABB P2M Force Our AABB P2M Force  
 Long segments 56 217.08 27.04 2365.05 \ 1.15516 90.5135 2.82452 109.016  Random segments 3497.93 27.49 2397.21 \ 1.09594 110.686 3.16098 108.71  
surpasses P2M by a factor of 1.1 and is nearly 30 times more efficient 
than AABB Tree. This clearly indicates that when confronted with 
datasets containing a substantial number of line segments, our method 
can provide significantly higher query efficiency compared to existing 
methods.

Furthermore, we analyze the impact of line segment length on query 
efficiency under the condition of an equal number of line segments. 
When dealing with datasets composed of longer line segments, the 
query efficiency of AABB can be significantly affected due to parti-
tioning issues, with average query times even approaching those of 
brute-force search. Although P2M has re-encoded the interception table 
information for each vertex using an R-tree, its capability to handle 
datasets consisting of longer line segments remains relatively weak. As 
shown in Table  2, with the increase in average line segment length, 
our query efficiency becomes even more pronounced in comparison to 
P2M and AABB Tree. In fact, our query efficiency advantage can reach 
as high as 4.97 times that of P2M, and it is as much as 245.9 times 
more efficient than AABB Tree in certain cases.

Additionally, in the bottom row of Fig.  11, we present a nuanced 
comparison of the query efficiency between our method, P2M, and 
AABB Tree, evaluated on datasets containing varying numbers of line 
segments and detailed changes in segment lengths.

4.6. Robustness

In order to verify the robustness of our method, we designed two 
representative test cases to quantitatively compare its efficiency with 
that of state-of-the-art techniques. In the first case, line segments with 
lengths equal to the side length of the square are randomly generated 
in the square area. Table  3 shows that our preprocessing efficiency 
has dropped significantly, but in the query stage, our query efficiency 
is 2.45 times that of P2M. In the second case, the length of the line 
segment is not restricted, and line segments with lengths between 1/40 
and 1 are randomly generated in the square area with a side length of 1. 
Similarly, we constructed 20 independent datasets, conducted 10,000 
queries on each, and reported the mean time as a performance metric. 
As shown in Table  3, our preprocessing time is 1.45 times that of P2M, 
but the query efficiency is 2.9 times that of P2M.

5. Conclusions and limitations

In this paper, we introduce a novel algorithmic strategy for han-
dling point-to-segment queries, which outperforms classical methods 
by several orders of magnitude. Our preprocessing is inspired by the 
observation that it is sufficient to consider the query point as positioned 
on the Voronoi edges, where the Voronoi diagram is defined by the 
endpoints of the line segments. Furthermore, we prove that as the query 
point moves along a Voronoi edge, for any line segment, there are 
eight possible situations that determine whether it should be treated as 
a candidate. This insight significantly simplifies the point-to-segment 
query to a manageable linear traversal.

However, our algorithm currently has at least two shortcomings. 
Firstly, the most time-consuming step of the preprocessing involves 
finding candidate line segments for each Voronoi vertex. Secondly, as 
shown in Fig.  12, if all input line segments are of equal length and 
parallel, each site could represent a large number of line segments, 
resulting in a query efficiency degradation to 𝑂(𝑛). This limitation is 
also present in P2M, whereas the query efficiency of the AABB tree 
remains unchanged.
9 
Fig. 12. The orange segments correspond to the input data, and the gray 
structure represents the Voronoi diagram constructed from their endpoints. 
For a given light blue Voronoi edge, the circle centered at the red point, with 
a radius equal to its distance to the nearest site, intersects all input segments.

Although it is possible to extend the same approach to three
dimensions—by calculating the proxy relationship of the Voronoi cell 
plane boundary to the input primitive in the preprocessing stage, identi-
fying the nearest site in the query stage, and querying its proxy triangle 
primitive based on the angle. But the angle interval in three dimensions 
involves three dimensions and the situation is more complicated, so 
extending our algorithm to handle the 3D setting appears to be a 
non-trivial task.
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